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A2.

A3.

A4.

BAéne anddeiEn Oewpnpatog 69?&)1@0 B@MS a263.

BA\éne opiopd oxoikod Pipriov cEAdA

BA\éme opiopod GXOMKO;! 01) 68 t

x>0 X

1
a— A oL @ Y7 0. Bhéne oehida 171 GYOAMKOD

“‘2‘&
BAéne-aghida 217 oyorucov Piiiov.

oelioa 330 oyoAkov Bifiiov.
8—)2 ns oelioa 192 oyoikov Bifiiov.

e o 0mMOTO gival: T E0MTEPIKA onpeio. Tov doTNUATOS A 6T omoio
n f dev mapaywyiletar N N Tapdywyog g eival ion pe o unodév,

@ ksyovrm Kkpiowo onueio g f oto ddotnua A . BAéne cerida 261

e

oyolukov Biriov.
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OEMA B ?
BI.

[a va dei&ovpe 6TL M f givor cuveyng apket vo deiovpe a1 cuVEYTG OTO
x, =1, kabdg n f 7y kdbs x=1 elvor cvveyn TPALElS cuvexDV
GLUVOPTNCE®V.
Apxkel va dei&ovpie OTL linll f(x)=f(Q). \ \
1°° Tpémog
x—1 u

Eyovpie lim £(x) = lim *—— = Jim & ().

x—1 e | u—0 gy

1
Oé¢toviag u=x—-1 wyder av x > 1 @0 — 0 xar £€161 10 Oplo0 YyiveTou:
et =1 . e =1 &ég i )
ol 3 TAPAY®YOS TNG GLVAPTNONG

lim = =lim =1 10 om
Apo h'(x) =e", omdte lim&— n'(0) @

x—l1 x—1 u—0
h(x)=e",yuu x=0. @
X—>U u

i ;? -1
B2. ApKSZ@ vue 6tL vIApYEL TO GpPLo linllf(x—lf() Kot Vol TPayHaTKOg
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Apan f eivor topayoyioyn oto x, =1,ue [ 1) =—

H e&lomwon g gpoantopévng g Ypopikng napacwcn

(l,f( )) givoit:
y— f() f()(x 1) oNradn y—l—— i\é©

B3. H ovvapmon g(x)=(x-

45

Y

l\)Iv—
l\)Ir—‘

'f o10 onueio

41 eivar ovveyic oto R o¢ mpdEelg ovveymv

ot0 R, napowoaywlun 010 R u)g npaia yoaywmwv cmvapmcscov 010

R, pe g'(x)=e"" +(x-2)-

‘Exovpe: g'(x ) > (), 0mOTE 1GYHOVV oﬂ%\/auwg
e’ (x 1)>O c> X— 1>0c>x>©

Opologav g ( <0 mpokvnT

H ].LOVO‘EOVIOL KOl TA OLKpO‘L'(X‘L'OL ‘CT] (p(llV OoTOV TE(Xp(XKOL‘EO) TEW(XK(X
X —0 W M%/ +00
) | Q0 9 +

| —

Y

ETESIE}@] g Tapovcolalel  OAKO EM10TO X =
T +1=-1+1=0, wyder g(x)=g(1), yu x6be x e R.

] 1o VEL g > 0.,y10k60e xe R.
elvat napaywywtun oto R pe:

' —)~ _1_1)_xe"_1—e"_1—ex’1+1_
f (x) (x Y ()

xe' =2 +1 (x—2)e"_1 +1  g(x)

X

Yo

= = = >>0 yukabe x#1.

(x=1) (=17 (x-1)

=1 T0
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Eneionn f eivor ovveyng oto x, =1 &netan 6t giva yvnoio

B4. Ioybelotu
e H g elvail cuveyng 610 ddotnpa [2015,2016] 0

e g(x)>0 v kGbe x[2015,2016], kabdg 4»

povo 6to x =1.
2016

Onote 0md Yvootd Osdpnia EYOVLE: j g(x)dx>0:

2015 %
OEMA I <i §\;

I't. TwkdBe x € R 1oyvet 6t

f(x)z —?x+\/§c> f(x)-i—ﬁ@z O@
Oempoipe T cvvdaptnon g(x)i) X
[Tapatnpodpe Ot v
g(0)=1(0)-3
oYDEL (’)1%
owalet Gﬁ)\ﬂ(é eEMALY1GTO.

Apa vy kéOe x €

)< gx)=

@va oto R.

yiown oto R.
on g unoevilerat

Aniadn m
Eniong ro%///tw eomtepo onpeio tov R ko g mopayoyiown oto R pe:

a pe 1o Oeovpnuo Fermat woydet ot

):O<:f’(0)+g:0<:f’(0):—g.

g
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2. 1%tpomog

S(3)- () (%) -/ (x) + /7 (x
f(x)- 7 () (%) /() + f (%

(£(x)- 7 () + 7 (x)- 1 (x) =0

)
.f’
f

.

(e /(x)-f'(x)) =0

2% tpomog
[a kabe x € R woydet 6

£ () (5) 7 () L)

b

(') - f(x)g’ ret f(x) () +e* - f(x) f(x) =0

(612@ ) =0

[a x =0, é&ovpe:
eo.f(O)-f'(()):cl @ﬁ-[—?]:cl S =-1

Apa o kébe x € R woyvet ot

X
o k60e x € R 1oyvet 611 §
F(x)-f(x)+f(x)- () (%) =0 @

}_-, oyN Tov Xvveneldv Tov Osopnuotog Méong Tyung npokvmtel OTL
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e f(x) f'(x)=-1 f(x)- f'(x)=-¢" & §
2 f(x) f(x) =2 < fz(x))' =(2¢ ) ?

Me gpappoyn Tov Zvveneidv Tov OcmprLatog Ks NG TPOKVTTTEL OTL

vrapyel 6to0epd ¢, € R 1é€t0100 DGTE VO 1oYVEL:
fA(x)=2e" +c,.

[a x =0, é&ovpe:

f2(0)=2e"+c, ©3=2+c, ¢, =1. %
Apa yu kdBe x € R 1oyvet ot &
fi(x)=2e"+1%0. @ %

H ovvapmon f sivan m)vsxﬁg@ Kﬂ@i 0 v kéBe x € R, emopévmg
n f dwmpel otabepd Tpodonpo R

Eneidf £(0)=+/3 > 0. emsgg () Kaeg xeR.

Emopévomg: v
f(x)=+2e" +1, @

I'3. 1% tpomog @
‘Eoto xl,@ f(x)=fx,).
‘Eyovpe:
f(x) MQ x/2e"“l +1= \/2e"“2 +1 <
2e‘xl&e_ P+l 2e M =2 &
e@ (;—xl ==X, X =X,.

n ovvapmon f eivai 1-1 cuvéptnon, ondte avVTIGTPEPETAL.

Q:Q TPOTOG
f eivor mapayoyioyn oto R, pe:

J'(x)= (\/2e‘x +1)’ =;(Ze_x +1)' =

2V2e " +1

78

[39]

2¢ " +1

<0,y kdbe xe R.

Apa m ouvvapmon [ elvar yvnoiog ¢@bivovca oto R, omdte kot 1-1

GLVAPTNGOT), GUVETMG AVTIGTPEPETAL.
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O¢tovpe y = f(x) Ko Eyovpe: ?
y=f(x)=y=v2e " +1 (1)
Oa wpénel y > 0. Me avtdv TOV TEPLOPIGUO EXOVLLE:

y' -1
5 (2)

Y =2+l )y —1=2e et =

2 _ y>0
>0y’ -1>0y>1.

Oo pémel b4

Me avtdv 10V eMTAEOV TEPLOPIGUO EXOVULE;

y' -1 y' -1 y' -1
Ine " =In < —x=In n &
2 2 <i 2
-1
Apa givat: EE

f‘l(x)=1n( :

2
, X >
X —lj
Ynoonpeioon: To 0% OV ro omoio givol 1o medio optopov ™G
£, nmopei va Bpaé mv o 's 0L KoL TV povotovia g f .
% / AN |
0 npopo I =

I'4. Of&ovpe vo VTOAO LLE TO dx .

m(;[-z) f*(x)
‘Eyovpe: &
0 0 x 0 x 0 X 0 X X +_1
I= I X = j e_jl dx = j 82+1dx= j ¢ +1dx= j ﬁdx
ln(e—/f% In(e-2) 28 +1 In(e-2) - + 1 In(e-2) 2 te In(e-2) e + 2

e e’
® e’ =u,onote e'dx=du.
@ e +l=u+1>0ka e +2=u+2>0.

=In(e—2) sivmn u=e""? =e-2.
@la x=0 civan u=e’ =1.
TOUEVOG:

I=ju+1du=ju+2_ldu=j(l— 1 jdu=

S u+2 u+2 u+2

e-2 e—2

=[u]_,~[n(u+2)]  =1-(e-2)~(In3-In(e-2+2)=
=l-e+2-In3+Ine=4-e—-In3.
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OEMA A E;

Al.

Apkel va dsiEovpe OTL VILAPYEL LOVOIIKO X, € E;GTS g(x,)=0,7
ot e&icmon g(x) =0 &yer povadikny pifa oto Stacr,l)
H cvvdaptnon g(x) =Inx+x givan napaymyimw,%@ﬂs x>0 pe:
g'(x) :(lnx+x)' :l+x> 0,y k60 x> 0.
X

Apan g eivar yvnoiog avéovca G‘EO O, +§) ;\é

1°¢ Tpémog { \

Xvvenmg g stvan yvnoimg avg 0 016 Grnua 01 Kol emewdn eival

ovveyns oo (0,1), &govpe: ‘

2((0.1)) = tim g(x).lim gw}i?’l)’

aAPOv llmg(x)— lim ( lnx+x) o tim'g x)—llm(lnx+x)—1
x—0"

Engon Oe g (O 1) 8 . V

a@ov 1 givar YVT]Gl G0l GE QVTA

2% 1pémog %z

1

Eivat lim g(x
x—0"

Onote vapyel oV1d GTO ps 0<a <1 térolo, dote g(a)<0.
Emiong %?+1 =1>0.

®
f

n LC(x Ba etvol povaden.

nx OO

Enouav g(1)<0.
ETESI glval ka1 cuveyng oto [a 1] (O,l) oLUEOVO, [l TO Oedpnua
B N ovvapmon g £l po. TovAdyotov pilo ©6T0  drdoTnuo

(0.1).
éov n g elvar yvnoiog avéovco cto (O,l), omdte M piCa Ba eivar
LLOVOOTKY.

3% tpomog

Evoswktika, spappdlovpe Osodpnuo Bolzano yio v g 610 d1domnpa {l,l} .
e

TA OEMATA ITPOOPIZONTAI I'TA AITIOKAEIXTIKH XPHXH THE ®PONTIETHPIAKHE MONAAAX |  XIEAIAA:8 AIIO 13




OMOZMNONAIA

E

NUL1LXXIL1LNOGJLdO®

S [=]

E AN AN A A O I
NUMXMILAIVIVUMI

OMOZIIONAIA EKITATAEYTIKQN ®PONTIZTQN EAAAAOX (O.E.®.E.) - ETANAAHIITIKA ©EMATA

B ®AXH

EITANAAHIITIKA OEMATA 2016 E_3.M2300(a)

A2.

X1 ovvéyela 0o AMoovue v eicmon e = %o §
X

Enedn x, >0 0o mpénet kar x > 0, ondte 1 e€iomon wodvvaud yivetol:

X, . X
=" he™=In"x—x,=lnx,—Inx @
X X : \?

x+Inx=x,+Inx,  g(x)=g(x,). (1)

Opmgn g eivar yvnoiog avéovsa, apa ko, 1 TE EYOVE:
(I)Qg(x):g(xo)gxzxo. %
i) [a 0 <a <1, to {ntovpevo guPadov sivat:
1
E:.Hg(x)—x|dx @
'Exm?ua: @
Inx,/”

x<leohx<hle

1 a
E= (x@dx— x—x)dx:I(—lnx)dx:Ilnxdx:
a& a 4 1
:@xdx :[xlnx]f —J-x(lnx)' dx :alna—jxldx =
g 1 1 X

a—jldx :alna—[x]f =alna—a+1 .
1
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r =1

i) Amo vdbeon £ mén ! (1)% 1 cm/sec.
Avtd onpad | 1) apBpod a avédvel, onladn Kveitot
OTOLLOKPLV andto-0~xd mpoceyyiCovtac to 1, apov 0 <a <1.

Enmedn n1:0€an tov a glvol cuvapTnon ToL XPOvov t Exovpe:
E(t) = () ~e () +1.

O puPuog petafoing Tov sivor:

% '(1)-In(a(?)) +a(t)-(In(a(r))'—a'(t) =
an)

=a'(t)-In(a(t)) +a(t)- ——=-a'lt) =
%> a(r)
=a'(t)-In(a(t))+a'(t)—a't)=a'(t) In(a(?)).
@ Tnv xpovic otrypn £, oty omola eivor a(?,)) = x, &govpe:
E'(t,)=a'(t,)- In(a(t,))=1-Inx, = Inx,.

z Opmg and Al. epdtnpa woydel OTL:
g(xo):0<:>1nxo+x0:0<:>1nx0:_x0.

Xvvenng E'(7,)) = —x, cm?/sec.
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A3.  AmndvundBeon vy kaBe x >0 &ypovpe:

Emopévmg Ba 1oydet:

lim(f(g(x))):lirq(f(x)+e x— 1+lnx

x—0" x—0

e w10 lim(f(g(x

x—>0"
2to gpdnpa Al. deiEape 6T 11m (%9@

Oftovtog u = g(x) Eyoopue hm

AN
f(g(x))=r(x)+e" (x=1)+Inx. §
©

Apa lim ( f ( = lim f(u swou 0 nroﬁusvo.
x—=0" U—>—0

e [w1o lim x 1@)
x—0"

H cvvéaptmon f gtva TCOLpOWO)'YlGl

2VVETOG:
hmf(x): im f(x (1).
—0"
Eniong 111%1 ‘=1 Ka % 1)=0-1=-1
Apa:

Emu 7% wpilovue 0T }LI? Inx =-c0.(3)
(2), (3) mpoxkvmrer Ot

(x)+ex(x—1)+1nx):f(O)—1+(_oo):_

0+

Gl £YOVUE:

Q lim f(u)=—-o0 M lim f(x)=-

3&? [a kaBe x > 0, &ovpe:
f(g(x))=r(x)+e (x-1)+Inx < f(g(x))-/(x)=xe"
f(g(x))-f(x)=e"e " +Inx & f(g(x))- f(x)=e

—-e'+hx e

Inx+x

—e'+Ihhx e
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f(g(x))-f(x)=¢" —e"+Inx.

g(x)—x=Inx>0, yio k4O x >1 Kot Egovpe:

e -F()_e e @

Awpodpe Kor too 000 pEAN Mg TeEAevtoiog 10 % pe tov  Opo

g-x g -x g -x %
f(g(x))—f(x) _ e _e* lnx

g(x)—x g(x)—x lnx
f(g(x))-f(x) e e’ ;i

+1. (1)
g(x)—x g(x)—x
e H ocvvapmon f eivor cvveyng aywytmun o010 R, emopévag givan
ovvegng 010 [x, g(x)]kar apa GULT G , Y0 KGOs x> 1.
Apa woyvovv ot npomtoescag 80) o Mscmg Tymg ywo mv f
ot0 [x,g(x)], emopévag px x,g(x pe l<x<é& <g(x)

’ES’EOlO MOOTE:

Y

é:l)_ ( ) . (2) v
)
Ocsmpolpe ; VAPTNGS % )=e'n omoia &ival ovveyng Kat

TaPOymYicL gtvan cuveyng 610 [x g(x)]Kou
TOPOYOYi yta Kabe x>1, pe A'(x)=e"
Apa oyvovv o npomtoescag Tov Ocwpnuoatoc Méomng Tu,mg Yy Vv /2 610

[x.g névag Ba viapyet &, €(x,g(x)) pe 1<x <&, < g(x) téroto,

MG
(x) x

% g(x) X

7:0 16 (2) kar (3) n (1) iver: /(&) =€ +1, pe & >1 ko &, > 1.

;QEV&%K‘HK(I évag 2% tpomog sivar:

[a kabe x > 0, &rovpe:
f(g(x)):f(x)+ex(x—1)+1nx<:>f(g(x))—f(x):xe"—ex+lnx<:>
f(g(x))—f(x):eh”‘ex—ex+lnxc>f(g(x))—f(x):el“”x—ex+1nxc>
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f(g(x))_f(x)=eg(")—e"+lnx. §
Onore: f(g(x))—eg(x)—g(x)zf(x)—e"—x.(l) ?
‘Eoto 1 ovvapmon y(x)=f(x)—e" —x,x>0. @

Téte n (1) yivetar: y(g(x)) = y(x), ywor kabe x %

Eappolovpe 10 Osodpnua Rolle yia v suvdpmon y oto [x, g(x)}

v KaBe x> 1. z
H y eivar cuveyng oto [x, g(x)} Kal<§§ lgwyicum 610 (x, g(x)) Y10 KGO

a
x> 1, og TpaEelg cuvedV Kot na{c MV, GLVOPTHGEMV GTA

SCTLOTA OVTA.

Aoyo ¢ (2) woyvet y(g(x)) = § x j @
Apa vrapyetl £vog TOVAG )
»hoTE y'(«f) =0. x%

A
5
<
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